The 2D problem on an arbitrary nanohole in an infinite elastic body under remote loading is solved. It is assumed that complementary surface stress is acting at the boundary of the hole. Corresponding boundary conditions are formulated according to the generalized Young-Laplace equations. The Gurtin-Murdoch surface elasticity model is applied to take into account the surface stress effect. Based on Goursat-Kolosov complex potentials and Muskhelishvili's technique and using conformal mapping of the outside of the hole on the outside of the circle, the solution of the problem is reduced to a singular integro-differential equation in an unknown surface stress. For a nearly circular hole, the boundary perturbation method is used that leads to successive solutions of hypersingular integral equations. In the case of elliptical and triangular holes, these equations are solved for the first-order approximation and corresponding expressions for stresses are derived in an explicit form. The influence of the surface stress and the dimension of the nanohole on the stress concentration are analyzed. It has been ascertained that the effect of the surface stress is the most significant when radius of the basic circular hole is in the range from 1 to 10 nm.
Introduction
Solid surface stresses are known like the prestress in a prestressed membrane that is perfectly fitted on the bounding surface of a bulk material. The inclusion of such a surface stress in an otherwise traction-free surface of the bulk material leads to additional loads applied to this surface Duan (2009) . The general form of a boundary condition with surface stress, namely, generalized Young-Laplace equation, was derived in Gurtin and Murdoch (1975) and Povstenko (1993) . Surface effects have been considered in numerous theoretical investigations based on generalized Young-Laplace equation and the theory of surface elasticity which had been developed in Gurtin and Murdoch (1975) and Murdoch (1976) . In particular, as it was shown by Eremeyev and Morozov (2009) , Eremeyev and Morozov (2010) , Vikulina and Grekov (2012) , Grekov and Yazovskaya (2013) , the surface stress is responsible for the size effect that is the influence of dimensions of nanostructures on their properties. Various application of the GurtinMurdoch model in nanomechanics is presented in the literature which is reviewed by Wang et al. (2011) . Based on this model, the solutions of two-dimensional size-dependent elastic fields of matrix with nanoscale circular inhomogeneity and elliptical hole under arbitrary remote loading was given in Tian and Rajapakse (2007a) and Tian and Rajapakse (2007b) . These solutions are fundamental in nanomechanics like the similar solutions in traditional solid mechanics. At the same time, the shape of real holes and inhomogeneities differs from the circular or elliptical one. Moreover, they can have relief surfaces and a circular/elliptical shape of them is an example of an approximation. In this connection, the aim of the present paper is to study the surface stress effects for a nearly circular nanosized hole in an elastic plane under remote loading. The outside of the hole is assumed to be conformally mapped on the outside of the circle by mean of a power function. Based on Goursat-Kolosov's complex potentials, Muskhelishvili's approach (Muskhelishvili (1963) ) is extended in the paper to a nanoscale hole for which the surface stresses give rise to a nonclassical boundary conditions, i. e. generalized Young-Laplace equation. Application of Gurtin-Murdoch surface elasticity model and mapping function leads to the singular integro differential equation in an unknown surface stress. This equation is solved by means of the boundary perturbation method for the case of a nearly circular hole like it was applied to other problems in Vikulina et al. (2010) , Grekov (2011) , Vikulina and Grekov (2012) , Grekov and Kostyrko (2013) . In this case, the method leads to the successive solutions of hypersingular integral equations. The solution of these equations for nearly circular elliptical and triangular holes is derived in the paper and numerical results based on the first-order approximation are presented for the elliptical hole to show the effect of the surface stress.
Statement of the problem
Consider an infinite linearly elastic body containing a single cylindrical nanosized hole the surface of which has elastic properties differing from the same properties of the volume. This surface is represented as a thin film inseparably connected with the bulk material. The plane strain conditions are assumed to take place and the body is subjected to remote loading and extra surface stresses at the boundary surface. So, it leads to the 2D boundary value problem for the elastic plane Π of the complex variable z = x 1 + ix 2 (i is the imagine unit) with a single nanohole. It is supposed that the outside of the hole can be conformally transformed into the exterior region of a unit circle (|ζ| > 1) by the mapping function υ
For the elliptical hole with axes 2a and 2b (a > b), N = 1 and
, and for the triangular hole, N = 2 and a 1 = a, a −1 = 0, a −2 = aε (ε < 1). Note that ζ = ρe iθ in the polar coordinates ρ, θ at the plane of the complex variable ζ. So, ρ = const and θ = const are two sets of orthogonal coordinate curves at the plane of the complex variable z and the boundary of the hole defined by the equality ρ = 1 is one of these coordinate curves.
For the boundary of the hole Γ free from an external load, Young-Laplace generalized law (boundary conditions) in terms of complex variables can be written as
where σ nn , σ nt are the volume stresses in the local Cartesian coordinates n, t with corresponding unit vectors n, t (vector n is normal to the boundary Γ in Eq. (2)), τ is the surface stress, and if
is the parametric form of representation of the hole boundary Γ in Cartesian coordinates x 1 , x 2 , then
The stresses σ jk ( j, k = 1, 2) in coordinates x 1 , x 2 and the rotation ω are specified at infinity
The linear elastic constitutive equations for the surface Duan (2009); Gurtin and Murdoch (1975) and bulk material in the case of the plane strain are reduced to the following
In Eqs. (5) and (6), ε nn , ε tt , ε nt denote strains in the bulk material, ε s tt is the hoop surface strain, λ s and μ s are the modules of the surface elasticity, similar to the Lame constants λ and μ of the bulk material, γ s is the residual surface stress under unstrained conditions.
The inseparability conditions which state that the displacements of the film coincide with the displacements of the bulk material at the boundary lead to the equation for the hoop strains
Derivation of integral equation
According to Muskhelishvili (1963) , the relation between stresses outside of the hole with the boundary Γ and the holomorphic function Φ(ζ) are expressed by the formula
Here, σ n (ζ) ≡ σ n (z(ζ)) = σ nn + iσ nt , dζ = |dζ|e iα , α is the angle between axes t and x 1 . Goursat-KolosovMuskhelishvili's complex potential Φ(ζ) is defined by the equality
where
Passing in Eq. (8) to the limit ζ → ∞ for two cases α = θ + π/2 and α = θ and taking into account Eq. (1) and Eq. (4), one can obtain for elliptical and triangular holes
where 4D 1 = s 11 + s 22 , 2D 2 = s 22 − s 11 + 2is 12 .
The same procedure under |ζ| → 1 yields
In view of Eqs. (5), (6) and (8), the inseparability condition (7) is reduced to the following relation
Applying Sokhotski-Plemelj formulas (see, for example, Muskhelishvili (1963) ) to Cauchy type integral I(ζ) in Eq. (10) and using Eq. (9) lead the Eq. (13) to the integral singular equation
The integral in Eq. (14) is understood in the sense of Cauchy principle value Muskhelishvili (1963) . There are some ways to solve Eq. (14). One of them is a direct solution by means of one of the computing methods. But if a shape of the hole is close to the circular one, we can apply the perturbation technique to the solution of this equation.
Boundary perturbation method

General approach
The boundary perturbation technique is widely used by a number of scientists for a solution of different problems in continuum mechanics. For example, the recent works in which we applied this technique are the papers Vikulina et al. (2010) , Grekov (2011) , Vikulina and Grekov (2012) and Grekov and Kostyrko (2013) .
Let ε is a maximal relative deviation of a hole boundary from the basic circle of the radius a 0 , and ε 1. In this case, we can represent function τ and corresponding functions Φ and σ i j as
Since functions υ, R −1 1 and h −1 depend on the small parameter ε as well, the right and left hand sides of Eq. (14) can be also expressed as power series in ε. After equating the sum of polynomial coefficients of each power ε m (m = 0, 1, . . .) to zero, Eq. (14) is reduced to the following sequence of hypersingular integral equations
is the function depending on all previous solutions τ 0 , τ 1 , . . . , τ m−1 , and
The integral in Eq. (16) is understood in the sense of a finite-part integral Hadamard (see Linkov (2002)).
Zero-order approximation
For m = 0, Eqs. (16) and (17) correspond to the problem on the circular hole of radius a 0 with the surface stress. In this case, it is evident that the integral equation (16) is not be able to have nontrivial solutions if f 0 = 0, i.e. if γ s = 0 and remote loading is absent. So according to Linkov (2002) , the inhomogeneous equation (16) has a unique solution.
The solution of Eq. (16) in the zero-order approximation (m = 0) derived in Grekov and Morozov (2012) is defined by the formula
The stresses are of special interest at the boundary of a hole as effect of the surface stress is maximal there. Substituting Eqs. (18) and (19) into Eqs. (9) and (10) 
First-order approximation
Function υ for a nearly circular elliptical and triangular hole is defined by the following parameters respectively
Corresponding parameters R −1 and h −1 in Eq. (2) are
for the elliptical hole and
for the triangular hole.
To find function f 1 in Eq. (16), it is necessary to substitute Eqs. (21)- (24) and Eq. (18) in Eq. (14) taking into account the equality τ = τ 0 + ετ 1 . After that, one can obtain the solution of Eq. (16) for m = 1 in the form
for the triangular hole. Coefficients d 1 n in Eqs. (25) and (26) depend on coefficients d 0 and d 2 of the first-order approximation and are not given here because of bulky expressions.
Numerical results for an elliptical hole
As the strength of a body with a hole depends on the stress concentration, the main problem is to find maximal hoop stresses at the boundary and to study the influence surface stresses on the stress concentration factor. Analysis shows that for the case of uniaxial tension normal to the biggest axis of an ellipse, maximal hoop stress at the boundary of an elliptical hole arises at the angles θ = 0, π when s 11 = s 12 = 0, s 22 > 0. Hoop stresses were calculated using Eqs. (9), (12), (18)- (20) and (25), and surface elastic parameters γ s = 1 N/m, λ s = 6.85 N/m μ s = −0.376 N/m taken from Miller and Shenoy (2000) ; Shenoy (2005) , and bulk elastic constants for aluminum λ = 58.17 GPa, μ = 26.13 GPa.
The effect of surface stress is studied when γ s = 0 or γ s = 1 N/m. Comparison of these two cases allows to reveal the influence of the residual surface stress γ s and the surface stress (λ s + 2μ s )ε tt arising due to the action of the remote uniaxial tensions s 22 on the hoop stress σ tt . In the case γ s = 0, the ratios σ tt /s 22 doesn't depend on the magnitude of applied loading but if γ s = 1 N/m, it depends. Analysis shows that for a value of tension less then 1 GPa, the influence of γ s on the stress concentration factor K = σ tt (0)/s 22 is comparable with the influence of the remote loads. To highlight the effect of the residual surface stress γ s , it is taken s 22 = 0.1 GPa in the case γ s = 1 N/m (see Fig. 1 ).
The main effect induced by the surface stress is the size-dependence of paprameter K especially if a 0 < 30 nm. This phenomenon being readily apparent from Fig. 1 has been discovered in many studies (see review Wang et al. (2011) ). The curve designated by γ s = 0 and ε = 0.5 in Fig. 1 coincides practically with the same curve in Tian and Rajapakse (2007b) .
The influence of residual surface stress γ s on the stresses and strains in nanosized materials recently ascertained in Goldstein et al. (2010) is less examined. It can be seen from Fig. 1 that the surface stress not only decreases stress concentration but, for γ s 0 and a very small hole, causes the stress concentration factor K to be negative in spite of tension at infinity. 
